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Abstract
Relations of strong inclusion are considered on pseudocomplemented distributive lattices to refine existing constructions of
(Stone–Cˇech and Alexandroff) compactifications of frames.
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Introduction
A classical result of Smirnov establishes an order isomorphism between proximity relations (or, equivalently,
strong inclusions) on a completely regular space, and the compactifications of that space. Banaschewski [1] shows
that, similarly, and somewhat more generally, strong inclusions on a completely regular frame determine all
compactifications of that frame.
Banaschewski’s main construction obtains any compactification of a given frame L as the frame of ‘round’
– with respect to a strong inclusion – ideals over L .1 Both the concept of strong inclusion, and the process of
defining a compact regular frame via round ideals, only require a finitary reduct of the frame structure, that of
pseudocomplemented distributive lattice. In this note strong inclusions are thus considered more liberally on this
kind of lattices. This allows some new aspects of frame (and space) compactifications to emerge. However, the main
point of moving from frames to pseudocomplemented distributive lattices is the concreteness of the theory one derives
thus. For instance, given a compactification c : L → cL of L , a subpseudocomplemented lattice P of L and a strong
inclusion on P may be constructed inductively in such a way that the frame of round ideals on P is isomorphic to cL ,
and such a lattice P is of minimal cardinality among those with this property.
More generally, given a compactifiable locale L , and any set-indexed family of locale mappings F ≡ { fi }i∈I ,
fi : L → L i with compact and regular co-domain, one may construct inductively a subpseudocomplemented lattice
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1 An ideal I is round with respect to a strong inclusion C if, given b ∈ I , there is a ∈ I with b ‘strongly contained’ in a, i.e. b C a.
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of L whose ‘round ideal completion’ is a compactification γ L of L satisfying the following properties: i . each function
in F has a unique extension to γ L; i i . the weight of γ L (=least cardinality of a base of γ L) is bounded by the sum
of the weight of L and the weights of the L i . A frame/space compactification with these properties may perhaps be of
interest in effective contexts, and does not seem to have been noticed before.
If F is taken to be the set K (L) of [0, 1]-valued locale mappings, the resulting compactification is the compact
completely regular reflection βL of L (Stone–Cˇech compactification). This will follow by the proof that – also in the
point-free context – a compactification that allows for the extension of all mappings f : L → [0, 1], in fact allows for
the extension of all mappings g : L → L ′, with compact completely regular co-domain.
The concrete character of the resulting description of βL is in particular illustrated by the following observation:
while in a constructive (intuitionistic and predicative) setting a frame is carried by a proper class of elements – so that
the constructions of βL in e.g. [3,5] do not apply – the subpseudocomplemented lattice ∅∗K (L) of L whose completion
is βL is a set precisely when K (L) is a set, and this is the case for a sufficiently large class of locales. In a paper of
which this is to a large extent a sequel [9], this condition has in fact been shown to characterize the locales for which
Stone–Cˇech compactification exists constructively, i.e. in intuitionistic and predicative settings such as constructive
set theory or type theory.
Remarkably, the subpseudocomplemented lattice ∅∗K (L) yielding β(L) suffices for all compactifications: every
compactification of a frame L can be obtained as the frame of round ideals over ∅∗K (L), for a certain inductively
defined strong inclusion on ∅∗K (L). In particular, one thus obtains the constructive version of the identification between
compactifications and strong inclusions.
Alexandroff compactification αL of a locally compact regular frame L is also discussed in this vein. In analogy
with the topological case, αL corresponds to the least strong inclusion on L . In [1] this strong inclusion is defined
through reference to the compactness of certain subframes of L . Here αL is obtained constructively by defining
inductively on an (inductively defined) subpseudocomplemented lattice of L , the least strong inclusion containing the
way-below relation.
Unless otherwise indicated (by ZFC, for classical set theory with choice), the arguments in this note are valid in any
topos (with a natural numbers object) [14]. With essentially one further exception (Proposition 12), these arguments
are also valid in constructive predicative settings such as constructive set theory and type theory (provided an adequate
presentation of the basic concepts involved is adopted, cf. [9] and references therein).
0. Preliminaries







(x ∧ yi )
for x, yi ∈ L . Frames with maps preserving finite meets (including the top 1) and arbitrary joins (including the bottom
0) form the category Frm, whose opposite is the category Loc of locales. For background on locales and their relation
with topological spaces the reader is referred to [11,17]. If f : L1 → L2 is a locale mapping, f − : L2 → L1 will
denote the corresponding frame map.
The pseudocomplement of a ∈ L is a∗ =∨{b ∈ L : b ∧ a = 0}. For a, b ∈ L , b is said to be well inside a, b ≺ a,
iff 1 = a∨ b∗. Given a binary relation R on L , a family {cp}p∈I of elements of L indexed by the rational unit interval,
I ≡ {p ∈ Q : 0 ≤ p ≤ 1}, is an R-scale from b to a if c0 = b, c1 = a, and cpRcq ,when p < q. If a ≺-scale exists
from b to a, one says that b is really inside a, and writes b ≺≺ a. L is regular (resp. completely regular) if, for all
a ∈ L , a =∨{b ∈ L : b ≺ a} (resp. a =∨{b ∈ L : b ≺≺ a}).
A frame L is compact if, for U ⊆ L , 1 ≤ ∨U implies 1 ≤ ∨u, with u ⊆ U (Kuratowski) finite. In a compact
regular frame, the wellinside relation interpolates (i.e. b ≺ a implies b ≺ c ≺ a for some c in L), so that assuming
the principle of depend choice (henceforth DC), ≺ and ≺≺ coincide; however, in toposes that do not validate DC, a
compact regular frame may not be completely regular.
A locale mapping f is dense if f −(a) = 0 implies a = 0; f is an embedding (or a sublocale) if f − is onto. A
compactification of a locale L is a dense embedding c : L → M , with compact regular co-domain.
Since complete regularity is hereditary, not every locale has a compactification. However, in e.g. [3,11] the compact
regular and compact completely regular reflections of every locale are constructed. For this reason, and in view of
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Proposition 7, we shall consider here also a generalization of the concept of compactification, obtained by dropping
the requirement that c be an embedding: a locale mapping f : L → M is a weak compactification of L if it is dense
and M is compact regular. Finally, a compactification (resp. weak compactification) will be termed completely regular
if its co-domain is completely regular.
1. Pseudocomplemented distributive lattices and strong inclusions
A pseudocomplemented distributive lattice (henceforth pcd-lattice) P is a (bounded) distributive lattice in which
each element a has a pseudocomplement a∗ satisfying x ∧ a = 0 ⇐⇒ x ≤ a∗ (e.g. [7]). When it exists,
the pseudocomplement is unique, so that pseudocomplementation actually defines an operation on P . Of course,
every frame is a pseudocomplemented distributive lattice, with pseudocomplement defined as in the previous section.
Observe also that the definitions of the well inside and really inside relation make sense for any pseudocomplemented
distributive lattice.
Let L be a frame, S any subset of L . We shall denote with S∗ the subpseudocomplemented lattice of L generated by
S. An alternative at defining S∗ as the intersection of all subpcd-lattices of L containing S, is to construct it inductively
as the smallest set such that:
if a ∈ S, then a ∈ S∗;
if u ∈ S∗, then u∗ ∈ S∗;
if u1, . . . , un ∈ S∗, then u1 ∧ · · · ∧ un, u1 ∨ · · · ∨ un ∈ S∗,
where n ≥ 0, and ∧,∨, and ∗ are those in L . This alternative construction shows that one is not enlarging the given
set too much.
Lemma 1 (ZFC). If S is infinite, card(S∗) = card(S).
Banaschewski [1] shows that strong inclusions on frames may be used for obtaining (all) frame compactifications.2
Here strong inclusions will be considered more generally over pcd-lattices. A strong inclusion on a pcd-lattice P is a
binary relation C on P satisfying:
1. 0 C 0, 1 C 1;
2. if x ≤ a C b ≤ y, then x C y;
3. if x C a, x C b then x C a ∧ b;
4. if x C a, y C a then x ∨ y C a;
5. if a C b then b∗ C a∗;
6. C⊆≺;
7. if x C y then x C z C y, for some z ∈ P .
A stronger requirement than 7 (in absence of DC) is
7′ x C y implies that a C-scale exists from x to y.
On every pcd-lattice P the well-inside relation ≺ satisfies conditions 1–6, while ≺≺ is a strong inclusion (satisfying
furthermore 7′). Note that, if P is a subpcd-lattice of a frame L , and C is a strong inclusion on P , the composite
C ≡≤ ◦ C ◦ ≤ on L yields the least strong inclusion on L extending C.
In [1] a strong inclusion on a frame L is also required to satisfy a ≤∨{x ∈ L : x C a}, for all a ∈ L . Here, if P is a
subpcd-lattice of L , a strong inclusionC on P such thatC satisfies this condition is said to be compatible with L (often
simply compatible). Equivalently,C on P is compatible with L if P is a (join-)base of L , and a =∨L{x ∈ P : x C a},
for all a ∈ P .
The next lemma provides us with one of the main tools for what follows. A binary relation R on a set X is said to
be interpolating if aRb implies aRcRb for some c in X .
2 A weakened concept of strong inclusion has also been used to study the (non-Hausdorff) stable compactification [15].
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Lemma 2. Let P be a pcd-lattice, and R be an interpolating binary relation on P with R ⊆≺. The relation CR
defined inductively on P as the least relation containing R and closed under conditions 1–5 is a strong inclusion on
P. Moreover, if for every x, y such that x Ry there is an R-scale from x to y, then CR satisfies 7′.
Proof. By definition CR satisfies conditions from 1 to 5. The proof of 6 and 7 is by induction. Proof of 6: the base
cases (x Ry and 1) are trivial; inductive steps from 2 to 5 follow by the corresponding properties of ≺. Proof of 7:
the base cases are immediate. For inductive cases 2 and 5 the conclusion follows using 2 and 5 (as properties of
CR), respectively. As an example we prove 3: assume x CR a, x CR b. The inductive hypothesis gives c1, c2 such that
x CR c1CR a, yCR c2CR b. Then, by 3 and 2, x CR c1 ∧ c2CR a ∧ b. Inductive step 4 is similarly a consequence of
2 and 4. The last claim is proved similarly by induction. 
Note that, for R = ∅, one gets the least strong inclusion on P: x C∅ y iff x = 0 or y = 1.
As is well-known, a compact regular locale L is normal, and hence the well-inside relation interpolates on L [11].
The next lemma slightly refines this result.
Lemma 3. Let L be a compact regular locale, P a sublattice and a base of L. Assume, for b ∈ L, U ⊆ P, that
b ≺ ∨U. Then b = 0, or finite subsets {p1, . . . , pn}, {p′1, . . . , p′n}, and {p′′1 , . . . , p′′n} of P exist with pi ≺ p′i ≺ p′′i ,
p′′i ∈ U, and such that
b ≤ ∨pi ≺ ∨p′i ≺
∨
U.
In particular, if for a, b ∈ L one has b ≺ a, then there are p, q ∈ P with b ≤ p ≺ q ≺ a. Thus, if P is
pseudocomplemented, ≺ is a strong inclusion on P.
Proof. Since L is regular, and since P is a base, by b ≺ ∨U , one obtains 1 = b∗ ∨∨p′′∈U ∨{p ∈ P : (∃p′ ∈
P)p′ ≺ p′′, p ≺ p′}. By compactness, 1 = ∨(u0 ∪ v0), with u0 ⊆ {b∗}, v0 ⊆ {p ∈ P : (∃p′′ ∈ U )(∃p′ ∈ P)p′ ≺
p′′, p ≺ p′}, and both finite. Then b ≤ ∨v0; the conclusion follows noting that v0 is either empty or inhabited (note
that the proof exploits the axiom of choice for finitely-indexed families which holds in any topos, e.g. [12, p. 102]).

2. Compactifications
A round ideal (also: strongly regular ideal) of a pcd-lattice P with a strong inclusion is an ideal I such that for all
b ∈ I there is a ∈ I with b C a. Ordered by inclusion, the classR(P) (orR(P,C)when confusion may arise) of such
ideals is a frame, in fact a subframe of the frame of ideals of P . Observe also that for all a ∈ P ,⇓ a ≡ {b ∈ P : b C a}
is a round ideal, and that the set {⇓ a : a ∈ P} is a base of R(P). Banaschewski [1] shows that given a compatible
strong inclusion on a frame L , h : L → R(L), with h−(I ) = ∨ I , is a compactification of L . Moreover, every
compactification can be obtained in this way. In particular, for C = ≺≺, one has the compact completely regular
reflection of L , i.e. Stone–Cˇech compactification [3].
The whole frame structure is not needed for obtaining a compact (completely) regular locale. As is well-known,
the ideals of a distributive lattice define a compact frame. If the distributive lattice is pseudocomplemented, one may
instead consider the round ideals.
Lemma 4. Given a pcd-lattice P and any strong inclusionC on P,R(P) is a compact regular frame. If C satisfies 7′,
R(P) is also completely regular.
Proof. In [1, Lemma 2] replace L with P . In particular, if b C a in L , ⇓ b ≺⇓ a in R(P), and if C satisfies 7′,
⇓ b ≺≺⇓ a (see also [3, Lemma 4]). Then, since by 7 on C, ⇓ a = ∨{⇓ b : b C a}, R(P) is regular (resp.
completely regular). 
Given a compact regular frame L , the frame R(L), obtained considering on L the well-inside relation as strong
inclusion, is isomorphic to L [5, Section 3]. One has in fact R(B∗) ∼= L , for B any base of L , and ≺ as strong
inclusion on B∗ (recall Lemma 3). Thus, by the above lemma, compact regular frames are precisely the frames of
round ideals over some pcd-lattice endowed with a strong inclusion (and similarly for compact completely regular
frames).
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Let C be a strong inclusion on a subpcd-lattice P of a locale L . Given a locale map f : L → L ′ we say that C is
finer than f − × f −[≺] if b ≺ a on L ′ implies f −(b) ≤ p C p′ ≤ f −(a), for some p, p′ ∈ P . Denote by C the class
of mappings f : L → L ′ with compact and regular co-domain such that C is finer than f − × f −[≺].
Proposition 5. Let L be a locale, P any subpcd-lattice of L, and C a strong inclusion on P. Then, the mapping
µ : L → R(P), defined by µ−(I ) = ∨ I , is a weak compactification of L satisfying the following universal
property: for every f : L → L ′ in C a unique mapping g : R(P) → L ′ exists such that g ◦ µ = f . If C is also
compatible, µ is a compactification of L.
Proof. Standard arguments show that µ− is a (trivially dense) morphism, so that, by the above lemma, µ is a weak
compactification. Moreover, if C is compatible, µ− is onto: P is a base by definition, and given a ∈ P , the set
{b ∈ P : b C a} is a round ideal of P whose join is a. Universal property: let B ′ be a subpcd-lattice and base of L ′.
To define a frame homomorphism g− : L ′ → R(P) it suffices to say what are its values on B ′, and then prove that
it respects meets (included the empty one) on B ′, and that g−(a) = ∨q∈U g−(q) when a ∈ B ′, U ⊆ B ′, a = ∨U
(see e.g. [17]). For a ∈ B ′, set g−(a) = {c ∈ P : (∃b ∈ B ′)b ≺ a, c ≤ f −(b)}. First we prove that g−(a) ∈ R(P).
It is immediate to check that g−(a) is an ideal. Let c ∈ g−(a). Then c ≤ f −(b), for b ≺ a. By the interpolation
property of ≺ on B ′ (Lemma 3), there is d ∈ B ′ such that b ≺ d ≺ a. By hypothesis, there are p, p′ ∈ P such
that f −(b) ≤ p C p′ ≤ f −(d). Then c C p′ ≤ f −(d); since d ≺ a, one concludes p′ ∈ g−(a). This gives
g−(a) ∈ R(P).
Now assume a ∈ B ′, U ⊆ B ′ and a = ∨U . Then g−(a) ≤ ∨q∈U g−(q): let c ∈ g−(a), i.e. assume there is
b ∈ B ′ such that c ≤ f −(b), b ≺ a. By Lemma 3, either b = 0, whence c = 0, or there are finite subsets {q1, . . . , qn},
{q ′1, . . . , q ′n} and {q ′′1 , . . . , q ′′n } of B ′, with q ′i ≺ q ′′i ≺ qi , qi ∈ U , and such that b ≤ ∨q ′i ≺ ∨q ′′i ≺
∨
U . By
hypothesis, pi , p′i exist such that f −(q ′i ) ≤ pi C p′i ≤ f −(q ′′i ). Thus, since q ′′i ≺ qi , one has p′i ∈ g−(qi ). Since,
c ≤ f −(b) ≤ f −(∨q ′i ) ≤ ∨p′i , one has c ∈
∨
q∈U g−(q). Therefore, g−(a) ≤
∨
q∈U g−(q); the converse is trivial.
By the properties of ≺, and the fact that f − is a frame homomorphism, it immediately follows that g− also preserves
binary meets and 1, and hence is a frame homomorphism.
To show that f −(a) = µ−(g−(a)), for all a ∈ B ′, that is, to prove∨ g−(a) = f −(a), let c ∈ g−(a), i.e. assume
there is b ∈ B ′ such that c ≤ f −(b), b ≺ a. This implies c ≤ f −(a), so that ∨ g−(a) ≤ f −(a). Conversely, since
a = ∨{b ∈ B ′ : b ≺ a}, f −(a) = f −(∨{b ∈ B ′ : b ≺ a}) = ∨b≺a f −(b). Let b ≺ a; by Lemma 3, there is d ∈ B ′
such that b ≺ d ≺ a. By hypothesis, there are p, p′ ∈ P such that f −(b) ≤ p C p′ ≤ f −(d). Since d ≺ a, one gets
p′ ∈ g−(a). Thus f −(b) ≤∨ g−(a) for all b ≺ a, so that f −(a) ≤∨ g−(a).
Finally, uniqueness of g is a consequence of the general fact that, if h1, h2 : M → N are two locale mappings into
a regular locale, and h1 ◦ k = h2 ◦ k for some dense locale mapping k, then h1 = h2 (e.g. [4, p. 117]). 
Now let F ≡ { fi }i∈I be a (possibly empty) family of locale mappings, fi : L → L i , with L i compact and regular,
and let S be a subset of L . Set SF = S ∪ { f −i (b) : i ∈ I, b ∈ Bi }, where Bi is any fixed base and subpcd-lattice of
L i . With S∗F we shall abbreviate (SF )
∗.
Lemma 6. On S∗F , define a relation CF inductively as the least relation containing the set {( f −i (b), f −i (a)) : i ∈
I, a, b ∈ Bi , b ≺ a}, and closed under conditions from 1 to 5 on strong inclusions. Then CF is a strong inclusion on
S∗F .
Proof. The set of pairs ( f −i (b), f
−
i (a)) is a relation satisfying the hypotheses of Lemma 2 (as frame homomorphisms
preserve ≺, and since, by Lemma 3, ≺ interpolates on Bi ). 
Starting from S = ∅, one obtains the least strong inclusion CF containing the indicated set, on the least
(sub-)structure on which it may be considered, i.e. ∅∗F .
Proposition 7. Let L be a locale, S any subset of L, F a family of locale mappings as above. Let C be a
strong inclusion on S∗F containing CF . Then µ : L → R(S∗F ,C), µ−(I ) =
∨
I , is a weak compactification
of L (a compactification, if C is compatible) such that each fi factors uniquely through µ: for all i a unique
gi : R(S∗F ,C)→ L i exists such that gi ◦ µ = fi .
Proof. By Lemma 3, if b ≺ a on L i , one has b ≤ b′ ≺ a′ ≤ a, for a′, b′ ∈ Bi . Then, by construction of S∗F and CF ,
each fi is such that C is finer than f −i × f −i [≺], and hence, by Proposition 5, factors uniquely through µ. 
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Alternatively, one might have proved the above proposition for the case of a single map f , the case of a general
family of maps deriving by this special case in conjunction with the Tychonoff product theorem. The present
formulation is however conceptually more elementary, and will directly yield Corollary 13.
Now consider a single f : L → L ′, with compact and regular co-domain. An analysis of the construction of
R(S∗{ f },C f ) leads naturally to wondering whether the map g : R(S∗{ f },C f )→ L ′ given by the above factorization is
an embedding (this conjecture is due to an anonymous referee). We may prove that this is the case with an additional
hypothesis on f . Recall that the image of a sublocale e : M → L under f : L → L ′ is the sublocale f [e] : (L ′ /∼=)→
L ′, defined by f [e]−(x) = [x]∼=, where ∼= is the congruence x ∼= y ⇐⇒ e−( f −(x)) = e−( f −(y)); the closure of a
sublocale e : M → L is given by Cl(e) : (↑ c)→ L , Cl(e)−(x) = x ∨ c, with c =∨{y ∈ L : e−(y) = 0}.
Proposition 8. Let L be a locale, S any subset of L, f : L → L ′ a locale mapping with L ′ compact and regular.
Assume that, on S∗{ f }, one has bC f a ⇐⇒ b ≤ f −(b′), f −(a′) ≤ a for some a′, b′ in L ′ with b′ ≺ a′. Then the
mapping g : R(S∗{ f },C f )→ L ′, given by Proposition 7, is an embedding, so that R(S∗{ f },C f ) is isomorphic to the
closure of the image of f .
Proof. Recall that S{ f } = S ∪ { f −(b) : b ∈ B ′}, with B ′ base and subpcd-lattice of L ′. Then, for a′ ∈ B ′,
g−(a′) = {c ∈ S∗{ f } : (∃b′ ∈ B ′)b′ ≺ a′, c ≤ f −(b′)} (see the proof of Proposition 7). One has to prove
that g− is onto: it suffices to prove that, for a ∈ S∗{ f }, there is U ⊆ B ′ such that
∨
a′∈U g−(a′) =⇓ a. Taking
U = {a′ ∈ B ′ : f −(a′) ≤ a}, this equality is obtained directly using the hypothesis on C f (and Lemma 3). The final
claim follows observing that, since µ is dense, µ[L] is a dense sublocale of R(S∗{ f }); then, f [L] = g[µ[L]] is dense
in g[R(S∗{ f })] ∼= R(S∗{ f }). 
Recall that an open map of locales is a map preserving open sublocales [13]; its associated frame homomorphism
preserves the Heyting operation→, and thus in particular pseudocomplementation (one has indeed a∗ = a→ 0).
Proposition 9. Let L be a locale, S a subset of L, and f : L → L ′ a locale mapping with L ′ compact and regular.
If f − is a ∗-preserving homomorhism, in particular, if f is an open map of locales, g : R(S∗{ f },C f ) → L ′ is an
embedding, and R(S∗{ f },C f ) is isomorphic to the closure of the image of f .
Proof. Let again S{ f } = S ∪ { f −(b) : b ∈ B ′}, with B ′ any fixed base and subpcd-lattice of L ′. By induction on C f
one shows that, if f − is ∗-preserving, C f may equivalently be defined as bC f a ⇐⇒ b ≤ f −(b′), f −(a′) ≤ a, for
some a′, b′ ∈ B ′ with b′ ≺ a′. One may then conclude by applying the previous proposition. 
Note that the above proposition holds independently of the choice of the set S and of the base B ′ of L ′, used in the
construction of S∗{ f }, so that in particularR(S∗{ f },C f ) ∼= R(∅∗{ f },C f ) ∼= Cl( f [L]) whatever S, B ′ are chosen.
Lemma 10. Let f : L → L ′ be a dense embedding, then f − is ∗-preserving.
Proof. It always holds f −(a∗) ≤ f −(a)∗; for the converse, let b ∈ L be such that f −(b) = f −(a)∗. By density,
f −(b ∧ a) = f −(b) ∧ f −(a) = 0 implies b ∧ a = 0, so that b ≤ a∗, and f −(b) = f −(a)∗ ≤ f −(a∗). 
Corollary 11. If h : L → M is a compactification of L, one has M ∼= R(S∗{h},Ch), for any choice of S ⊆ L and of
the base B ′ in the construction of S∗{h}. Moreover, Ch is compatible on S∗{h}.




c′∈B′{c′ : c′ ≺
b′} : b′ ≤ a′}. Thus, a =∨b′∈B′{∨c′∈B′{h−(c′) : c′ ≺ b′} : b′ ≤ a′}. This shows that, for every S, S∗{h} is a base of L ,
and that Ch is compatible, since h−(c′)Ch h−(b′) ≤ a. 
Thus, every compactification of L can in fact be obtained taking the round ideals over an inductively defined
(generally proper) subpcd-lattice of L , endowed with an inductively defined strong inclusion. Note that if (in ZFC)
one chooses S = ∅ and as B ′ in the definition of S{h} a base with cardinality the weight of M , S∗{h} is of minimal
cardinality: for no subpseudocomplemented lattice P of L with cardinality strictly lower than that of ∅∗{h} one may
obtain M asR(P,C), whatever the strong inclusion on P (since P will index a base of M). In constructive predicative
settings one has instead that, while L is a proper class, ∅∗{h} is a set as soon as the chosen base B ′ is a set.
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The description of the compactification to be introduced next makes use of impredicative (but topos valid)
comprehension principles, so that it is not constructive in the present sense (applications of such principles could
perhaps be avoided here exploiting co-inductive definitions). A completely regular analogue of this compactification
is presented in predicative terms in [9].
In general, the strong inclusion CF one obtains by Lemma 6 need not be compatible, so that the weak
compactification µ : L → R(B∗F ,CF ) need not be a compactification. For this to be the case, we shall have to
enlarge the strong inclusion. Some more preliminary notions are needed. Any binary relation R on a set contains a
largest interpolative relation [6]. Denote with C≺ the largest interpolative relation on L contained in ≺ (with DC this
coincides with ≺≺). One has that C≺ is a strong inclusion on every locale L (see [6,5]; observe that the existence of a
largest interpolative sub-relation of a given relation relies on impredicative comprehension principles). If C≺ is also
compatible, L is said to be strongly regular. A locale L has a compactification if and only if it has a compatible strong
inclusion; thus, L has a compactification if only if it is strongly regular. In particular, every completely regular locale
is strongly regular (and the distinction vanishes in the presence of DC).
We shall say that a base B of a frame L is a strongly regular base if for all a ∈ B, a = ∨{b ∈ B : bR≺a}, where
R≺ ⊆ B × B is the largest interpolative relation contained in ≺ ∩(B × B). Of course, every strongly regular locale L
has at least a strongly regular base, L itself is one such.
Recall, finally, that the weight of a topological space X is given by min{card(B) : B base for X}. The weight of a
locale is defined similarly.
Proposition 12. Let L be a strongly regular locale, and let F ≡ { fi }i∈I be a (possibly empty) family of locale
mappings fi : L → L i , with L i compact and regular. Let B be a strongly regular base for L, and Bi any base for L i .
Then a compactification µ : L → γ L of L exists enjoying the following properties:
i. For all fi there is a unique gi : γ L → L i such that gi ◦ µ = fi ;
ii. (ZFC) weight(γ L) ≤ card(B)+ Σi∈I card(Bi ).
Proof. Given B and Bi as in the hypothesis, consider the subpcd-lattice B∗i of L i generated by Bi , and let
BF = B ∪ { f −i (bi ) : i ∈ I, bi ∈ B∗i }. As strong inclusion on B∗F , consider the largest interpolative relation C′≺
contained in ≺ ∩B∗F × B∗F (that C′≺ is a strong inclusion is proven as for C≺, cf. [6]). Define γ L ≡ R(B∗F ,C′≺).
Then µ : L → γ L is a compactification of L: since B is a base, for all a ∈ B∗F , a =
∨
L{b ∈ B : b ≤ a}. On
the other hand, for all b ∈ B, b = ∨L{c ∈ B : cR≺b}, because B is a strongly regular base of L . One has cR≺b
implies cC′≺ b, since, by B ⊆ B∗F , R≺ ⊆≺ ∩(B× B) ⊆≺ ∩(B∗F × B∗F ), and R≺ is interpolative by hypothesis. Then,
b =∨L{c ∈ B : cC′≺ b}, whence a =∨L{b ∈ B∗F : bC′≺ a}; thusC′≺ is compatible, so that µ is a compactification.
Since CF is interpolative and contained in ≺ ∩B∗F × B∗F , one has that C′≺ contains CF . Thus, by Proposition 7, i
follows.
Finally, if B is infinite, ii follows observing that by construction of B∗F , one has card(B
∗
F ) ≤ card(B) +
card{ f −i (b) : i ∈ I, b ∈ B∗i } ≤ card(B) +
∑
i∈I card(Bi ) (recall Lemma 1). If B is finite, L is compact (and
completely regular), so that γ L ∼= L , whence the conclusion follows trivially. 
Corollary 13 (ZFC). Let L be a completely regular locale, and let F ≡ { fi }i∈I be a family of locale mappings
fi : L → L i , with L i compact and regular. A compactification γ ′L of L exists satisfying property i, and
ii′. weight(γ ′L) ≤ weight(L)+ Σi∈Iweight(L i ).
Proof. Choose bases B, Bi for L , L i of minimal cardinality. We extend B to a strongly regular base of L as follows:
given any pair a, b ∈ B with b ≺≺ a, using the axiom of choice one may select one ≺ −scale from b to a. Denote it
by {cp}a,b. Then B≺≺ is obtained by adjoining to B the elements of each scale {cp}a,b, for a, b ∈ B, b ≺≺ a. Observe
that, for infinite B, the cardinality of B≺≺ is the same as that of B. To show that B≺≺ is a strongly regular base, define
on B≺≺ × B≺≺ a relation S by bSa if and only if a ≺ −scale {cp} exists from b to a such that cp ∈ B≺≺ for all
p. Clearly, S is interpolative on B≺≺ and contained in ≺. Therefore, S ⊆ R≺ (in fact they coincide). To conclude it
suffices thus to show that a = ∨{b ∈ B≺≺ : bSa} for all a ∈ B≺≺. Since B is a base, a = ∨{c ∈ B : c ≤ a}.
By complete regularity of L one has c = ∨{d ∈ B : d ≺≺ c} for all c ∈ B; c, d ∈ B implies c, d ∈ B≺≺, and, by
construction of B≺≺, d ≺≺ c implies dSc on B≺≺. Moreover, for a ∈ B≺≺, dSc and c ≤ a give dSa. Thus, for all
a ∈ B≺≺, a = ∨{d ∈ B≺≺ : d ∈ B& dSa}, so that, a fortiori, a = ∨{b ∈ B≺≺ : bSa}. One may thus apply the
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above proposition with B = B≺≺. If B is infinite, card(B≺≺) = card(B) = weight(L). If B is finite, the claim follows
trivially (cf. the proof of Proposition 12, ii). 
In particular, taking F to be the empty family, and observing that weight(L) ≤ weight(M), for h : L → M any
compactification of L , one gets the localic correspondent of a well-known topological result.
Corollary 14 (ZFC). Every completely regular locale L has a compactification of the same weight.
Remark. Assuming the prime ideal theorem (a principle slightly weaker then the axiom of choice in ZF), the
category of compact regular locales is equivalent to that of compact Hausdorff spaces [11]. Through this equivalence,
Proposition 12 and Corollary 13 yield corresponding results for spaces. We could not find a compactification with
these properties in the literature.
Note also that Corollary 14 is a proper generalization of the analogous result for spaces, as any complete Boolean
algebra is a completely regular frame, and if it is non-atomic, it is not the frame of a space.
In [3] the (generalized) Stone–Cˇech compactification βL of a locale L is described as the frame of round ideals
over L with respect to C = ≺≺. In the next section we obtain a more economical construction of β(L) as a corollary
of Proposition 7.
3. Cˇech’s theorem implies Stone’s theorem
Proposition 7 is not enough to yield directly the (generalized) Stone–Cˇech compactification of a given locale
(i.e. its compact completely regular reflection), because the mappings f : L → L ′, with L ′ compact completely
regular are too many to be set-indexed (even in classical set theory). But there is a way out: Cˇech’s theorem stated that
a compactification β of every completely regular topological space exists that allows for the extension of bounded
real-valued continuous mappings [8]. Stone [16] proved more generally that a compactification exists that allows for
the extension of all continuous functions with compact Hausdorff co-domain. Since every two compactifications with
the properties described in Cˇech’s theorem are homeomorphic [8], every compactification with the former extension
property has in fact the latter. By the next proposition, the correspondent result holds in the broader realm of locales,
and for the extended notion of compactification we are considering.
Let [0, 1] denote the localic unit interval [11], and K (L) the collection of [0, 1]-valued locale mappings on L .
Although often speaking of locales, we have been mostly working with frames. For the next result it will be more
convenient to work in the category of locales.
Proposition 15. If η : L → M is a dense locale map with the property that for all f : L → [0, 1] there is
fˆ : M → [0, 1] satisfying fˆ ◦ η = f , then for all f : L → L ′, with L ′ compact completely regular, there is a unique
g : M → L ′ such that g ◦ η = f .
Proof. Since L ′ is completely regular, using Tychonoff embedding theorem [11], it may be embedded into
Πs∈K (L ′)[0, 1] via a mapping e. For s ∈ K (L ′), denote with pis the sth product projection, pis : Πs∈K (L ′)[0, 1] →
[0, 1]; then e is the unique mapping satisfying pis ◦ e = s. Given f : L → L ′, s ◦ f is a mapping from L to [0, 1] for
all s ∈ K (L ′). By hypothesis, this may be lifted to a map ŝ ◦ f such that ŝ ◦ f ◦ η = s ◦ f . This gives, by the product
universal property, a unique mapping h : M → Πs∈K (L ′)[0, 1] such that ŝ ◦ f = pis ◦ h for all s. Consider then the
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?
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Since L ′ is compact, e is a closed embedding (Πs∈K (L ′)[0, 1] is regular). Then its pullback is a closed sublocale of
M [11, II.2.8]. By pis ◦ e = s, ŝ ◦ f = pis ◦ h, and ŝ ◦ f ◦ η = s ◦ f one derives pis ◦ h ◦ η = pis ◦ e ◦ f for all s.
Thus, by uniqueness of the map yielded by the product universal property, it must be h ◦ η = e ◦ f , so that η factors
through P as in the diagram. By density of η, p is a dense sublocale, and being closed, is an isomorphism. Define
g = q ◦ p←, where p← : M → P is the inverse of p. Then, since η = p ◦ k, g ◦ η = q ◦ k = f . Finally, that g is
unique follows by standard arguments (cf. the proof of Proposition 7). 
For a discussion of this result in constructive predicative settings the reader may consult [9].
Let B[0,1] indicate the standard base of [0, 1] (e.g. [11]), and let ∅∗¯F ,CF¯ be constructed as in the previous section
from F¯ = K (L) and B∗[0,1]. Proposition 7, together with the above proposition, yields:
Corollary 16. (Stone–Cˇech Compactification of Locales). The frame βL ≡ R(∅∗¯F ,CF¯ ) is the compact completely
regular reflection of L with reflection mapping µ : L → R(∅∗¯F ,CF¯ ). Moreover, µ is an embedding precisely when
L is completely regular.
Proof. By Proposition 7 each f : L → [0, 1] factors through µ. By the last proposition, then we only need to prove
that R(∅∗¯F ) is completely regular; to this aim we show that CF¯ satisfies 7′ (recall Lemma 4). By Lemma 2, this
follows if we prove that bRa implies that an R-scale exists from b to a, where bRa holds if and only if b = f −(b′),
a = f −(a′), for some b′ ≺ a′ in B∗[0,1] and f ∈ K (L). Given b′ ≺ a′ on B∗[0,1], one easily constructs a ≺-scale from
b′ to a′ of elements of B∗[0,1]; then, if {c′p}p∈I is such a ≺-scale, { f −(c′p)}p∈I is the required R-scale. This also says
CF¯ ⊆ ≺≺ ∩∅∗¯F ×∅∗¯F ; in fact, the converse also holds: if b ≺≺ a, by the characterization of the really inside relation
in [11, Proposition IV.1.4], one has a mapping f : L → [0, 1] such that b ≤ f −(b′), f −(a′) ≤ a with b′ ≺ a′ in
B[0,1]. Thus ≺≺ ∩∅∗¯F ×∅∗¯F ⊆ CF¯ . The same argument says that ∅∗¯F is a base for L when L is completely regular.
Therefore, if L is completely regular, CF¯ is also compatible, and µ is an embedding. 
Remark. One might have considered, instead of F¯ , the product map e : L → Π f ∈K (L)[0, 1]; assuming the
presentation of products in e.g. [18], it can be proved (at least with DC) that e,Ce satisfy on ∅∗{e} the requirement
in Proposition 8. ThusR(∅∗{e},C{e}) coincides with the closure of the image of e, i.e. with Cˇech–Johnstone definition
of β.
Of course, with DC, Corollary 16 also follows for a completely regular locale by Proposition 12 with F = K (L).
Indeed, with DC a compact regular locale is completely regular, and ∅∗K (L) is a strongly regular base for L: by the
arguments in the above proof, ≺≺ ∩(∅∗K (L)×∅∗K (L)) interpolates, and is contained in ≺, so that it is contained in R≺
(in fact they coincide). By a =∨{b ∈ ∅∗K (L) : b ≺≺ a} for all a ∈ ∅∗K (L) one concludes.
Note that the above construction is in fact a variant of the definition, sketched in [2], of βL as the frame of
(completely) regular ideals over the co-zero part of L (it is easy to check that ∅F¯ = Coz(L)). We remark however
that the present description of βL arises here as a special case of Proposition 7. One may thus think of Proposition 7
as a generalization of the ‘co-zero sets’ approach in which the set of the counter-images forming the co-zero part of
L is replaced by the counter-images of the bases Bi along the locale mappings fi .
In contrast with the construction in e.g. [3], the above description of βL is also valid in constructive and predicative
settings, provided K (L) is constructively a set (so that ∅∗¯F is also constructively a set; see also the next section). One
in fact proves that this is a necessary and sufficient condition for the Stone–Cˇech compactification of L to exist in
such settings [9].
4. All compactifications of L
In the previous section, the subpseudocomplemented lattice ∅∗K (L) of any given locale L , has been shown to suffice
for obtaining Stone–Cˇech compactification via the ‘round ideal completion’. What follows shows that ∅∗¯F can in
fact be used, in place of L , for describing all completely regular compactifications of L: in the identification of the
compactifications of a locale L with the compatible strong inclusions over L [1], one may consider instead strong
inclusions over ∅∗¯F .
G. Curi / Journal of Pure and Applied Algebra 212 (2008) 1134–1144 1143
Assume h : L → L ′ is a completely regular compactification of L , and let e : L ′ → Πs∈K (L ′)[0, 1] be the
Tychonoff embedding of L ′. If the construction of products in [18] is adopted, a base B of Πs∈K (L ′)[0, 1] is given by
equivalence classes of tuples of the form (as1 , . . . , asn ), for asi a basic element of [0, 1], and si ∈ K (L ′) (any such a
tuple represents the intersection of the sub-basic elements asi ).
Since e is an embedding, one has an isomorphism e : L ′ → e[L ′], so that the composite e ◦ h : L →
e[L ′] is a compactification, and in particular a dense embedding. Therefore, by Lemma 10, (e ◦ h)− preserves
pseudocomplements.
One has e[L ′] ≡ (Πs∈K (L ′)[0, 1]) /∼=, with u ∼= v ⇐⇒ e−(u) = e−(v). A base Be[L ′] of e[L ′] is therefore
given by congruence classes of tuples (as1 , . . . , asn ), and for [(as1 , . . . , asn )] ∈ Be[L ′], e−([(as1 , . . . , asn )]) =
s−1 (as1)∧· · ·∧s−n (asn ), so that (e◦h)−([(as1 , . . . , asn )]) = h−(s−1 (as1))∧· · ·∧h−(s−n (asn )). Since h−◦s−i : [0, 1] → L ,
(e ◦ h)−([(as1 , . . . , asn )]) ∈ ∅∗¯F for all [(as1 , . . . , asn )] ∈ Be[L ′]. Finally, since (e ◦ h)− is (∨,∧ and) ∗− preserving,
(e ◦ h)−(u) ∈ ∅∗¯F for all u ∈ B∗e[L ′]. Taking then C = Ce◦h , one applies Corollary 11 to obtainR(∅∗¯F ) ∼= e[L ′] ∼= L ′.
Thus we have proved:
Proposition 17. For every completely regular compactification h : L → L ′ of a locale L, a strong inclusion can be
defined inductively on ∅∗¯F , such that h is equivalent to µ : L → R(∅∗¯F ).
On a compact completely regular locale one has b ≺≺ a iff b ≺ a. Using this fact, and relying again on the
characterization of the really inside relation in [11, Proposition IV.1.4], and on Lemma 2, one may prove that Ce◦h
satisfies furthermore condition 7′ on strong inclusions: given u, v ∈ B∗e[L ′] with v ≺ u one finds a ≺-scale { f −(cp)}
from v to u, with f : e[L ′] → [0, 1], and cp ∈ B[0,1]. Then, with fˆ : L ′ → [0, 1] defined by fˆ −(y) = e−( f −(y)),
one has f −(x) = [(x fˆ )] ∈ Be[L ′] for all x ∈ B[0,1], as e−( f −(x)) = e−([(x fˆ )]).
A remarkable aspect of the pcd-lattice ∅∗¯F is that, while in constructive predicative settings a frame has a proper
class of elements [10], ∅∗¯F is carried by a set whenever K (L) is a set, and the latter is the case for a wide class of locales
(see [9]). As an example, consider the set N of natural numbers with discrete topology. Classically Ω(N ) = ∅∗K (N ),
but constructively things are very different: Ω(N ) = Pow(N ) is a proper class, while ∅∗K (N ) is a set. When K (L) is a
set, the arguments on which the above proposition relies are constructive and predicative. Proposition 17 yields thus
the constructive version of the identification of compactifications with strong inclusions (once the involved notions
are treated constructively, cf. [9] and references therein).
5. Alexandroff compactification of locales
Banaschewski [1] shows that, in analogy with the spatial situation, a frame has a least compactification
(i.e., Alexandroff compactification) iff it is locally compact and regular. Due to the order isomorphism between
compactifications of a locale L and compatible strong inclusions on L (ordered by inclusion), such a compactification
is given by the least compatible strong inclusion over L . This is defined in [1] as b C a iff b ≺ a and ↑ (b∗) or ↑ a
is compact (↑ x ≡ {y ∈ L : x ≤ y}). An alternative description can be obtained defining inductively the least strong
inclusion containing the way-below relation on a subpcd-lattice of L , and applying Proposition 5.
The way-below relation on a locale L is defined by y  x iff for all U ⊆ L , x ≤ ∨U implies y ≤ ∨u0, with
u0 finite subset of U . A locale L is locally compact if for all x ∈ L , x ≤ ∨{y ∈ L : y  x}. Observe that in this
condition x, y may equivalently be taken to range over the elements of any fixed base for L .
Lemma 18. Let L be a locally compact regular locale, B any base of L. On B∗ define inductively a relation C as
the least relation containing the way-below relation restricted to B∗ × B∗, and closed under conditions 1–5. Then
C is a compatible strong inclusion on B∗.
Proof. In a regular locale, b  a implies b ≺ a [11]. Moreover, since a = ∨{d ∈ B∗ : (∃c ∈ B∗)d  c  a},
interpolates on B∗. Then, by Lemma 2, C is a strong inclusion. Since for all a ∈ B∗, a =∨{b ∈ B∗ : b  a}, and
since ∩(B∗ × B∗) ⊆ C, also a =∨{b ∈ B∗ : bC a}, so that C is compatible. 
Proposition 19. Let L be a locally compact regular locale, and, given a base B of L, consider on B∗ the strong
inclusion C. Then, µ : L → R(B∗,C) ≡ αL is the Alexandroff compactification of L.
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Proof. Let h : L → M be a compactification of L , B any base of L . By Corollary 11, one has M ∼= R(B∗{h},Ch).
Denote by CB, C
Bh the strong inclusions obtained by the above lemma respectively on B∗, B∗{h}. Clearly CB ⊆ CBh
(B∗{h} extends B∗). Furthermore,  ∩(B∗{h} × B∗{h}) ⊆ Ch : assume b  a on B∗{h}; since Ch is compatible,
b ≤ c1 ∨ · · · ∨ cn Ch a. Thus, CBh ⊆ Ch , so that CB ⊆ Ch . This gives a frame homomorphism R(B∗,CB) →
R(B∗{h},Ch), I 7→ {a ∈ B∗{h} : ∃b ∈ I, a ≤ b} showing µ : L → R(B∗) ≤ h : L → M . 
In ZFC, moreover, weight(αL) = weight(L), since one can choose a base B of minimal cardinality (however, in
ZFC a locally compact locale is spatial, so that this fact is not a generalization of the corresponding one for spaces).
If L is also completely regular, its Alexandroff compactification is completely regular too: choose a base B for
L containing ‘enough ≺-scales’, i.e., such that given a, b ∈ B with b ≺≺ a, there is a ≺-scale from b to a of
elements of B. Besides L itself, one such basis is ∅K (L) (by the characterization of ≺≺ in [11, Proposition IV.1.4]).
On B∗, C satisfies condition 7′ on strong inclusions: let b  a; by complete regularity and local compactness,
a = ∨{c ∈ B : (∃d ∈ B)c ≺≺ d  a}. Hence finite subsets u0, v0 of B exist such that b ≤ ∨u0 ≺≺ ∨v0  a. By
the hypothesis on B, a ≺-scale of elements of B∗ exists from ∨u0 to ∨v0, and therefore also from b to ∨v0. Since
y ≺ x  1 implies y  x ([12, Lemma 3.7]), any ≺-scale from b to ∨v0  a is also a -scale. Thus, b  a
implies that a -scale of elements of B∗ exists from b to a, so that, by Lemma 2, C satisfies condition 7′, and
αL = R(B∗,C) is completely regular.
Remark. As long as the concept of local compactness and complete regularity are treated as in [9], the above
description of Alexandroff compactification and the proof of its minimality can be formulated in constructive
predicative settings such as constructive set theory.
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